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One of the most basic flows in fluid mechanics is the free con-
vection boundary layer flow. This is observed in many heat
transfer processes in nature. Flow and heat transfer aspects
of this flow are of considerable interest in many engineering
applications such as cooling of electronic equipments, heat
transfer from refrigeration coils, heat loss from power trans-
mission lines, heat transfer from human and animal bodies
(see [1,2]). Following the pioneering work of Stewartson [3],
various aspects of this flow problem have been investigated
widely in theoretical, experimental and numerical grounds by
the research community. Stewartson [3] studied the theoretical
work on free convective heat transfer from a horizontal plate,
and reported the existence of similarity solutions for a semi-
infinite isothermal horizontal flat plate that is immersed in
air. However, this analysis was affected by a sign mistake that
led the author to an erroneous conclusion regarding the condi-
tions for the existence of free convection boundary layer flow
on a horizontal flat plate. Gill et al. [4] reconsidered the same
problem and pointed out the Stewartson’s conclusion that
boundary solution exists only when the heated plate faces
downwards is erroneous. They showed that boundary solution
exists only when the heated plate faces upwards and consti-
tuted the correct solution to the problem. Theoretical work
on a heated plate facing upwards (or a cooled one facing
downwards) has been carried out by Rotem and Claassen [5]
for free convective flows above an isothermal semi-infinite
plate. They also presented the numerical results for some speci-
fic values of the Prandtl number and included the asymptotic
cases for sufficiently large and small values of the Prandtl num-
ber. On the other hand, Kuiken [6] presented an analysis of
free convection boundary layer by the method of matched
asymptotic expansion for fluids with low Prandtl number.
Similarity theory for an isothermal horizontal plate is the
most ready solution in the existing literature and is included
in the book by Schlichting and Gersten [7]. Heat transfer
solution was obtained by Ackroyd [8], who considered the
flow paths, near a horizontal rectangular plate, to be parallel.
Bandrowski and Rybski [9] investigated the analytical solu-
tions of free convection mass transfer from horizontal plates.
Numerical solutions of the governing mass, momentum and
energy equations were obtained by Wei et al. [10], who con-
sidered the free convection from isothermal plates heated at
both sides. Numerical and experimental works on heat trans-
fer in laminar free convection above an upward facing heated
horizontal plate which is placed in a semi-infinite medium
were investigated by Pretot et al. [11]. A thermal boundary
layer in which there is a mutual coupling between velocity
and temperature via buoyancy, flows along the isothermal
horizontal plate was investigated by Daniels [12]. Experimen-
tal work on free convection from horizontal heated surface
has been investigated by many researchers. For the sake of
brevity here we mention only a few works by Husar and
Sparrow [13], Rotem and Claassen [5], Goldstein et al. [14],
Kitamura and Kimura [15], Martorell et al. [16] and Koza-
noglu and Lopez [17].All the above investigations were carried out for an isother-
mal horizontal plate. But a large number of important practi-
cal and experimental free convection flows correspond to the
cases where the surface dissipates heat non-uniformly rather
than maintaining at constant temperature. Gebhart et al. [18]
presented the generalized similarity equations for free convec-
tion boundary layer flow above a semi-infinite horizontal flat
plate with power law variation in temperature. They presented
the numerical results of dimensionless velocity and tempera-
ture profiles only for the case of an isothermal horizontal plate.
These results are, however, the same with the corresponding
results reported by Schlichting and Gersten [7]. Chen et al.
[19] studied the effect of natural convection on horizontal,
inclined and vertical plates for the cases where the plate is sub-
jected to a variable surface temperature or heat flux. Wickern
[20] investigated the natural convection flow above a horizon-
tal plate subjected to uniform heat flux. On the other hand, the
mass transfer effects on the free convection flow for an incom-
pressible polar fluid under several physical conditions were
analyzed by Patil [21], Patil and Hiremath [22], and Patil and
Kulkarni [23,24].
It is worth remarking at this point that Samanta and Guha
[25] have very recently represented the similarity solution for
natural convection from a horizontal plate with variable heat
flux or variable wall temperature. They showed the effect of
the wall temperature parameter (starting from the value 0 to
100) on the skin friction and heat transfer coefficients. The
results of their study are, however, of doubtful validity for
the following reasons. For moderate values of s; xs ! 0 (in
the limit) since 0 < x 6 1 and the temperature boundary con-
dition viz. T ¼ Tw ¼ T1 þ Axs at g ¼ 0 tends to
T ¼ Tw ¼ T1, which is same as the boundary condition on
temperature at g !1. This phenomenon strongly suggests
that the wall temperature parameter has a definite range,
which is discussed in the respective section of the present anal-
ysis, for the validation of the present problem. Moreover, a
sign mistake is found in the governing boundary layer Eq.
(46) of their analysis.
The present paper is devoted to study the effects of the
Prandtl number (starting from small to large values of Prandtl
number) over a definite range of values of the wall temperature
parameter on the velocity and temperature profiles as well as
the skin friction and heat transfer coefficients of this flow
dynamics. The concerning issue of constant surface tempera-
ture has been considered and compared our results with the
corresponding results reported by Gill et al. [4], and Rotem
and Claassen [5]. In this paper we would like to focus on the
determination of the range of the wall temperature parameter
and the asymptotic values of heat transfer and skin-friction
coefficients as a function of Pr for different values of the wall
temperature parameter within the prescribed range.
2. Mathematical formulation
We consider a semi-infinite horizontal flat plate in a viscous
and incompressible fluid of ambient temperature T1. It is
assumed that the plate is subjected to a variable surface tem-
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variation of surface temperature and A is a given positive con-
stant. This constant is ðTw  T1Þ when the plate is held at con-
stant temperature Tw (CST case) which is greater than T1.
Thus A is a constant associated with the initial temperature
distribution (i.e., for an isothermal boundary condition).
Therefore for the case of an isothermal boundary condition
(i.e., for CST case) s ¼ 0 but in the present analysis s– 0. It
can, thus be confirmed that the constant surface temperature
is a special case of the prescribed surface temperature.
We introduce Cartesian coordinates xy such that x-axis is
taken along the plate with the origin at the leading edge of
the plate and y-axis is normal to it. A schematic representation
of the physical model and the coordinate system are given in
Fig. 1. Temperature variations in a fluid cause density varia-
tions since, in general, density decreases with increasing tem-
perature. These density differences in a field of gravity give
rise to buoyancy forces which act as driving forces for free con-
vection flow. Hence this is an effect of variable properties
where there is a mutual coupling between momentum and heat
transfer. This coupling takes place via pressure p, which is cou-
pled to the temperature in the y-momentum equation. Under
these assumptions, along with the usual boundary layer and
Boussinesq approximations, the dimensional form of the gov-
erning equations for free convection flow are
@u
@x
þ @v
@y
¼ 0; ð1Þ
u
@u
@x
þ v @u
@y
¼  1
q1
@p
@x
þ m1 @
2u
@y2
; ð2Þ
0 ¼  1
q1
@p
@y
þ gb1ðT T1Þ; ð3Þ
u
@T
@x
þ v @T
@y
¼ a1 @
2T
@y2
; ð4Þ
where u and v are the components of velocity along and nor-
mal to the plate surface, T denotes the temperature of the fluid,
g is the gravitational acceleration; q1; m1ð¼ l1=q1Þ, b1 and
a1ð¼ k1=q1cp1Þ are the density, the kinematic viscosityFigure 1 Physical model and the coordinate system.coefficient, the coefficient of thermal expansion and the ther-
mal diffusivity of the fluid at temperature T1. Also k1 and
cp1 are the thermal conductivity and specific heat capacity of
the fluid at temperature T1. In writing Eq. (3), Boussinesq
approximation is made so that density variation is taken into
account in the buoyancy force term only. Also we discarded
the viscous dissipation term from Eq. (4) since the velocities
in the free convection flows are very small.
We now introduce the following dimensionless quantities
x ¼ x
l
; y ¼ y
l
ðGrÞ1=5; u ¼ u
VIN
; v ¼ v
VIN
ðGrÞ1=5;
p ¼ p
q1V
2
IN
; Gr ¼ gl
3b1A
m21
; VIN ¼ ðgl1=2m1=21 b1AÞ
2=5
;
ð5Þ
where l is the characteristic length scale (for example, the dis-
tance from the leading edge of the plate), VIN is the character-
istic velocity for free convection and Gr is the Grashof number.
Further the dimensionless temperature h will be given by
h ¼ T T1
Axs
: ð6Þ
Using non-dimensional quantities (5) in Eqs. (1)–(4), the
non-dimensional boundary layer equations for this free con-
vection flow are
@u
@x
þ @v

@y
¼ 0; ð7Þ
u
@u
@x
þ v @u

@y
¼  @p

@x
þ @
2u
@y2
; ð8Þ
@p
@y
¼ ðT T1Þ
A
; ð9Þ
u
@T
@x
þ v @T
@y
¼ 1
Pr
@2T
@y2
: ð10Þ
Here Pr ð¼ m1=a1Þ is the Prandtl number. Note that the pow-
ers in Eq. (5) are chosen in such a way that the continuity
equation, a viscous term in the x-momentum equation as well
as the pressure and buoyancy terms in the y-momentum equa-
tion remain the same after the transformation in the limit
Gr?1.
3. Conditions for the existence of similarity solutions
In this section we make an effort to find out the conditions
under which this free convection boundary layer flow is simi-
lar. For this purpose we introduce the following new similarity
variables and transformations
w ¼ c1xmfðgÞ; y ¼ c2xng; p ¼ c3xðnþsÞgðgÞ; ð11Þ
where ðm; n; sÞ are real constants and ðc1; c2; c3Þ are arbitrary
positive constants. Here w is the dimensionless stream func-
tion defined by
u ¼ @w

@y
¼ c1
c2
xðm  nÞf 0ðgÞ and v ¼  @w

@x
¼ c1xðm  1Þ mfðgÞ  ngf 0ðgÞð Þ; ð12Þ
where a prime denotes the differentiation with respect to g.
Using (12), we find that the mass conservation Eq. (7) is iden-
tically satisfied and from Eqs. (8)–(10), we obtain the following
governing ordinary differential equations
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c32
f 000 þ c
2
1
c22
mff 00  ðm nÞf 02
h i
¼ c3 ðnþ sÞg ngg0½ ; ð13Þ
g0 ¼ c2
c3
h; ð14Þ
1
c22
h00 þ c1
c2
Pr mfh 0  shf 0½  ¼ 0; ð15Þ
when the conditions m 4n ¼ 2m 3n 1 ¼ s 1 ð16Þ
are satisfied. It is noticeable that the same conditions (16) were
reported by Gill et al. [4] in their paper.
4. Boundary conditions
First, the boundary conditions on the velocity components
ðu; vÞ and pressure p are u ¼ v ¼ 0 at y ¼ 0 (no-slip conditions)
and u ¼ u1 ¼ 0; p ¼ p1 ¼ 0 as y!1. Now one can deter-
mine the boundary conditions from Eqs. (5), (11) and (12) for
f and g are as fð0Þ ¼ 0; f 0ð0Þ ¼ 0 and f 0ð1Þ ¼ 0; gð1Þ ¼ 0.
Finally, the boundary conditions on temperature at the
plate (i.e., at y ¼ 0) are T ¼ Twð¼ T1 þ AxsÞ and T! T1
as y!1. Then the boundary conditions for g are derived
from Eqs. (5), (6), (11) and (14) as g0ð0Þ ¼ ðc2=c3Þ and
g0ð1Þ ¼ 0. Further the boundary conditions for h are obtained
from Eq. (6) as hð0Þ ¼ 1 and hð1Þ ¼ 0.
Thus the appropriate boundary conditions for f; g and h
are
fð0Þ ¼ 0; f 0ð0Þ ¼ 0; g0ð0Þ ¼ c2
c3
and hð0Þ ¼ 1
and f 0ð1Þ ¼ 0; gð1Þ ¼ 0; g0ð1Þ ¼ 0 and hð1Þ ¼ 0: ð17Þ
5. Deductions
We deduce the following governing equations of the studies
available in the literature from our present analysis by consid-
ering the special values of s and ðc1; c2; c3Þ.
ðaÞ For s ¼ 0 and c1 ¼ c2 ¼ c3 ¼ 1, Eqs. (13)–(15) together
with the boundary conditions (17) reduce to the Eqs.
(11) and (12) of Stewartsons [3] and those corroborate
with Eqs. (20)–(23) of Rotem and Claassen [5].
ðbÞ For c2 ¼ c3 and s ¼ c, Eqs. (13)–(15) reduce to the Eqs.
(6)–(8) of Gill et al. [4].
From the above deductions we arrive at the conclusion that
the present problem is reasonable and consistent with previous
publications.
6. Physical quantities of interest
The important boundary layer characteristics of the present
investigation are the local skin-friction coefficient Cf and Nus-
selt number Nu ðxÞ which are given as below:
Skin-friction coefficient: The shear stress s0 on the plate
y ¼ 0 is given by
s0 ¼ qm @u
@y
þ @v
@x
 
y¼0
ð18Þ
which gives upon using (5) and (12) as
s0 ¼ qmVIN
l
c1
c22
Gr1=5 xðm2nÞf 00ð0Þ: ð19ÞThus the dimensionless form of the wall shear stress at a
given location x on the plate surface, i.e., skin-friction coeffi-
cient Cf ¼ ð2s0=ðqmVIN=lÞð Þ is then obtained from (19) as
Cf ¼ 2 c1
c22
Gr1=5 xðm2nÞ f 00ð0Þ : ð20Þ
Equation (20) shows that at a given location on the plate
(i.e., for a fixed x), Cf is directly proportional to the dimen-
sionless velocity gradient f 00ð Þ at the wall. It is found that the
skin-friction coefficient for this free convection boundary layer
tends to zero with an increasing c2 as 1=c
2
2. It is also found that
the skin-friction coefficient increases with the increase of c1 as
it is proportional to c1.
The average value of the skin-friction coefficient becomes
Cf ¼ c1
c22
 
Gr1=5
2
ðm 2nÞ þ 1 f
00ð0Þ : ð21Þ
Nusselt number: The local Nusselt number at the wall is
given by
NuðxÞ ¼ qwðxÞl
k1ðTw  T1Þ
¼  1
c2
h0ð0Þ xðs  nÞ Gr1=5 ð22Þ
Equation (22) ensures that the Nusselt number strongly
depends on the values of c2 and it tends to zero with an
increasing c2 as 1=c2.
The average value of the Nusselt number becomes
Nu ¼  1
c2 ðs nþ 1Þ h
0ð0Þ Gr1=5 : ð23Þ
It is noticeable that the values of m and n will be obtained
from the conditions (16).
7. Numerical method
Equations (13)–(15) subject to the boundary conditions (17) are
solved numerically by an efficient shooting method for different
values of the governing parameters: (a) Prandtl number Pr and
(b) wall temperature parameter s. We first eliminate h between
(14) and (15), the resulting equation and Eq. (13) are written
as a system of six first order ordinary differential equations,
which are solved by means of a standard fourth-order Runge-
Kutta integration technique. Then a Newton-Raphson iteration
procedure is employed to assure quadratic convergence of the
iterations required to satisfy the outer boundary conditions.
An explanation of this algorithm is given in the book by Glad-
well and Sayers [26]. In the numerical study, Pr is varied from
103 to 104 for a range of values of s from 0.49 to 1.99.
We have already shown the effects of c1 and c2 on the skin-
friction coefficient Cf as well as the Nusselt number Nu in Sec-
tion 6. Further, one can easily and directly appreciate the effects
of c1; c2 and c3 on the temperature and velocity profiles from
Eqs. (11) and (12). However, for the sake of brevity, we will con-
sider, that without loss of generality, the values c1 ¼ c2 ¼ c3 ¼ 1
throughout this analysis unless stated otherwise.
8. Verification of the computer code
To verify our computer code, we should check the results in
terms of f 00ð0Þ, h0ð0Þ, gð0Þ and fð1Þ for the case of constant
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the corresponding values reported by Gill et al. [4] (B), and
Rotem and Claassen [5] (C) for various values of Prandtl
number Pr. The comparisons those are given in Tables 1
and 2 show excellent agreement among these results and give
us strenuous confidence in our numerical approach. Note
that f00ð0Þ, h0ð0Þ, gð0Þ and fð1Þ give the measures of dimen-
sionless wall shear stress, heat flux, dynamic pressure and value
of free stream function at the outer boundary region,
respectively.
Table 1 gives the comparison of the values of f00ð0Þ and
h0ð0Þ calculated in the present study (A) with those of Gill
et al. [4] (B) when c1 ¼ ð250Þ1=5; c2 ¼ c3 ¼ ð25=2Þ1=5 for vari-
ous values of Pr with fð0Þ ¼ 0.
Table 2 gives the comparison of the values of f00ð0Þ, h0ð0Þ,
gð0Þ and fð1Þ calculated in the present study (A) with those
of Rotem and Claassen [5] (C) for various values of Pr in the
case of an isothermal boundary conditions.Table 2 Comparison of the values of f 00ð0Þ, h0ð0Þ, gð0Þ and fð1
Claassen [5] (C) for various values of Pr.
s Pr A
f 00ð0Þ h 0ð0Þ gð0Þ
0.001 6.7596 0.0101 25.2438
0.01 3.3793 0.0254 10.3025
0.10 1.6927 0.0619 4.4398
0.40 0.72 0.9080 0.1256 2.3365
1.00 0.8161 0.1397 2.1216
5.00 0.4782 0.2224 1.3814
10.00 0.3761 0.2648 1.1697
100.00 0.1617 0.4463 0.7027
0.001 9.9640 0.0357 19.8684
0.01 4.4675 0.0864 8.0330
0.10 2.0305 0.1965 3.3655
0.0 0.72 0.9789 0.3584 1.7302
1.00 0.8655 0.3915 1.5668
5.00 0.4730 0.5879 1.0138
10.00 0.3657 0.6897 0.8606
100.00 0.1508 1.1239 0.5204
0.001 10.9079 0.0550 16.5819
0.01 5.1838 0.1312 6.6822
0.10 2.2934 0.2884 2.7785
0.50 0.72 1.0632 0.5025 1.4265
1.00 0.9332 0.5454 1.2936
5.00 0.4964 0.7949 0.8447
10.00 0.3792 0.9265 0.7172
100.00 0.1542 1.5100 0.4329
Table 1 Comparison of the values of f 00ð0Þ and h0ð0Þ of (A)
with those of Gill et al. [4] (B).
Pr f 00ð0Þ ****h0ð0Þ
A B A B
10.00 0.3320 0.3321 1.1330 1.1332
1.00 0.7869 0.7872 0.6472 0.6474
0.72 0.8906 0.8909 0.5923 0.59249. Limitations on the wall temperature parameter s
Solving the equalities (16), one can easily obtain the values of
m and n as
m ¼ 3þ s
5
and n ¼ 2 s
5
: ð24Þ
Using these values of m and n, Eq. (11) can be rewritten as
follows:
w ¼ c1xð3 þ sÞ=5 fðgÞ; y ¼ c2xð2  sÞ=5 g; p
¼ c3xð2 þ 4 sÞ=5 gðgÞ : ð25Þ
The value of the wall temperature parameter s is imposed
by the boundary condition on temperature at the wall. One
of the prime motives of the present study is to examine the
range of s under which the transformations (25) would
expected to be valid for this flow problem. For this purpose
we use the following criteria for choosing the values of s:
(i) We choose the values of s in such a way that all the func-
tions (velocity, pressure and temperature) to become the
functions of the similarity variable g only.
(ii) The similarity variable gmust be a function of both vari-
ables x and y.
(iii) Temperature h is always positive, heat flux h0 and the
pressure p at the surface are always negative.
The last condition is valid corresponding to a heated plate
facing upwards or a cooled one facing downwards. From the
above conditions it is clear thatÞ calculated in the present study (A) with those of Rotem and
C
fð1Þ f 00ð0Þ h0ð0Þ gð0Þ fð1Þ
137.4670
33.9990
8.9597
3.0219
2.5755
1.3294
1.0273
0.4713
112.1450
27.4218
7.0423 2.0301 0.1968 3.3648 7.0415
2.3348 0.9800 0.3591 1.7290 2.3345
1.9783 0.8661 0.3920 1.5658 1.9786
1.0090 0.4737 0.5882 1.0134 1.0083
0.7939 0.3664 0.6907 0.8592 0.7942
0.3292
93.7472
22.8648
5.8833
1.8856
1.5880
0.7570
0.5614
0.2583
2454 S. Dholey3þ s > 0; 2 s > 0 and 1þ 2s > 0: ð26Þ
Before going to draw clear lines of demarcation on the wall
temperature parameter s, we consider the following two special
cases:
Case I: when the wall temperature parameter s= 0.5
In this case the reduced equation for h obtained from
Eq. (15) as
h00 þ 0:5c1c2Prðfh0 þ hf0Þ ¼ 0; ð27Þ
Integrating (27) twice and using the boundary conditions
hð1Þ ¼ 0, we obtain
h0ðgÞ ¼ 0:5c1c2PrfðgÞhðgÞ ð28Þ
and hðgÞ ¼ e0:5c1c2Pr
R g
0
fðgÞdg
: ð29Þ
Equation (28) shows that h0ð0Þ ¼ 0 since fð0Þ ¼ 0. It is
interesting to note that wall heat flux vanishes when the surface
temperature varies as x1=2. On the other hand, Eq. (29) gives
the explicit form of hðgÞ in terms of fðgÞ. Furthermore, numer-
ical computations reveal that the solutions of Eqs. (13)–(15)
together with the boundary conditions (17) exist for various
values of Pr when s< 0.5. But interestingly enough, the
value of the temperature gradient (i.e., h0ð0Þ) is positive in this
case and results to the situation that heat flows into the plate
surface from the ambient fluid. This result is inconsistent with
this flow problem since for the existence of the free convection
boundary layer flow the temperature at the plate surface must
be higher than the ambient fluid temperature.
Case II: when the wall temperature parameter s= 2
In this case the similarity variable g and the vertical compo-
nent of velocity v are functions of y only. Similarity solutions
of the governing boundary layer Eqs. (13)–(15) along with the
boundary conditions (17) exist but the vertical component of
velocity v remains unchanged above the whole plate surface.
This means that the velocity v does not depend on the location
x along the plate surface. This is a contradictory result for this
flow since the temperature at the plate surface varies as the
power of the horizontal coordinate x.
For the above reasons we now fix up the range of s as
0:5 < s < 2. In other words, the similarity solutions of this
flow problem exist for only of the following wall temperature
variation.
(a) 0:5 < s < 0. In this case the surface temperature
increases in the direction of the flow with the increase
of jsj.
(b) s ¼ 0. Constant surface temperature case, which is
found in detail in the paper [5] and also in the classical
book [18].
(c) 0 < s < 2. In this case the surface temperature decreases
in the direction of the flow with the increase of s.
10. Results and discussion
Numerical results are obtained for various values of Prandtl
number Pr and wall temperature parameter s. The computed
results are presented in the forms of figures and tables from
which the flow analysis for various values of these parameters
can be estimated.Figure 2(a) shows the variation of hðgÞ with g for several
values of s with a fixed value of Pr ¼ 2. We have considered
the special value of s ¼ 0 in the present study only to bring a
contrast in the variation of the free convection boundary layer
flows between the cases of constant surface temperature and
prescribed surface temperature. It is found that the tempera-
ture at a point increases with the increase of jsj when s < 0.
This result can physically be explained as follows. Since
A > 0, the wall temperature at a given location (i.e., for a fixed
value of x) given by the relation T ¼ Twð¼ T1 þ AxsÞ is
higher than that of the fluid above the plate. Hence the heat
transferred from the above point on the plate to the fluid
causes an increase in temperature of the fluid. Further, since
s < 0, the fluid temperature at this location (i.e., for a fixed
value of x) increases with the increase of jsj. This results in
an increase in buoyancy force with the increase of jsj. Any
additional internal energy is thus transported upwards and
the energy becomes higher with the increase of jsj. This
enhanced upward transport of internal energy by the buoyancy
force results in an increase in temperature at a point with the
increase of jsj. Just the reverse is true for s > 0 so that the tem-
perature at a point decreases with the increase in s ð> 0Þ. On
the other hand, Figs. 2(b) and (c) show the variation of hðgÞ
with g for several values of Pr when s= 0.4 and s= 0.4,
respectively. It is observed from these figures that the temper-
ature at a point decreases with the increase of Pr. It is notice-
able that the higher Prandtl number fluid has either lower
thermal conductivity or higher viscosity. Thus for increasing
Prandtl number results in decreasing the thermal boundary
layer and consequently the heat transfer rate at the plate
increases.
Figure 3(a) displays the variation of f 0ðgÞ, the horizontal
component of velocity, with g for several values of s with a
fixed value of Pr ¼ 2. It is observed that the velocity at a point
increases with the increase of jsj when s < 0. A physical inter-
pretation of this result is as follows. As already explained ear-
lier, the temperature at a point close to the wall increases with
the increase of jsj when s < 0. This rise in temperature causes a
decrease in density of the fluid at this point. As a result the
decreased pressure gradient j@p=@yj ¼ qg < q1g leads to a
reduced pressure in the boundary layer region. Hence there
is a pressure drop along the x-direction giving rise to flow in
this direction. Since density decreases with increase in jsj (when
s < 0), it follows that increase in pressure gradient j@p=@xj due
to increase in jsj leads to increase in velocity of the fluid paral-
lel to the plate. Just the reverse is true when s > 0. Hence the
velocity at a point decreases with the increase in s when
s > 0. Further, the variation of f 0ðgÞ with g for several values
of Pr with a fixed value of s= 0.4 is delineated in Fig. 3(b).
It is observed that the velocity at a point decreases with the
increase in Pr. From a physical point of view increase in
Prandtl number means to increase the viscosity of the fluid
which tends to reduce the upward transport of internal energy
by the buoyancy forces which in turn implies the decrease in
velocity of the flow. The trend of variation of f 0ðgÞ with Pr
for positive values of s is same as that of f 0ðgÞ with Pr for neg-
ative values of s. This is shown in Fig. 3(c). A closer scrutiny at
Figs. 3(b) and (c) reveal that for a fixed value of Pr, the veloc-
ity for negative value of s is higher than that of positive one.
This result is plausible and the physical reason of this fact
has already been explained earlier.
Figure 2 Variation of hðgÞ with g for several values of (a) the wall temperature parameter s with a fixed value of Pr ¼ 2, (b) Pr with a
fixed value of s= 0.4 and (c) Pr with a fixed value of s= 0.4.
Figure 3 Variation of velocity parallel to the plate with g for several values of (a) the wall temperature parameter s with a fixed value of
Pr= 2, (b) Pr with a fixed value of s= 0.4 and (c) Pr with a fixed value of s= 0.4.
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2456 S. DholeyWe show the patterns of streamlines in Figs. 4(a)–(c) for a
fixed value of Pr ¼ 0:72. We do mention here that the prime
objective of the present study is to assess the effect of the wall
temperature parameter s on this free convection flow. Accord-
ingly, we consider the different values (positive and negative)
of s along with a special value of s ¼ 0, corresponding to the
case of constant surface temperature. It is observed from these
figures that the distances, perpendicular to the plate surface,
required to unite with the free stream are different for different
values of s. The value of this distance is continuously tending
to be lower with the increasing value of s. This indicates that
the thickness of the boundary layer decreases with the increase
of s and maintains consistency with the numerical results as
given in Table 2. Thus this boundary layer flow is significantly
affected by the wall temperature parameter s, and this effect is
more pronounced in the case of a negative value of s than for
other two cases. Further, one can easily appreciate from all of
these figures (for any fixed value of s) that the streamline
increases with the increase of the distance x along the plate
surface which is expected.
Pressure gradient controls the curvature of the velocity pro-
file within the boundary layer. It is well known that for the
flow with pressure drop accelerates the flow and the flow with0.2
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Figure 4 Patterns of streamlines w versus g at various distances x
s= 0.4, (b) s= 0.0 and (c) s= 1.0.pressure increase retards the flow. Thus to show the effect of
the wall temperature parameter s on the pressure gradient is
another important part of this paper. The variation of pressure
inside the boundary layer for different values of s and at differ-
ent locations x along the plate when Pr ¼ 0:72 has been por-
trayed in Figs. 5(a)–(c). It is observed from all these figures
that the pressure p decreases along the plate surface for all
values of s considered in the present study. It is also observed
that for a given location x the value of the pressure, which is
negative, is minimum at the plate surface (i.e., at g ¼ 0Þ and
this minimum value increases up to the free surface pressure
value ðp ¼ 0Þ asymptotically. This pressure gradient
j@p=@gj is directly related to the temperature at the plate sur-
face (see Eq. (9)). Thus the imposed temperature gradient on
the fluid in the g-direction through plate surface gives rise to
a buoyancy force which in turn reduces the pressure close to
the plate surface since heat is transferred from the plate surface
to the fluid and so the density of the fluid nearer to the plate
surface is less than the surrounding fluid. Thus there is a pres-
sure drop along the plate surface for all values of s and this
effect is more and more pronounced with the increase of jsj
when s < 0. This induced pressure gradient in the x-
direction gives rise to a flow parallel to the plate surface which0.2
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Free convection boundary layer flow with prescribed surface temperature 2457has a boundary layer character for all values of s and at large
values of Grashof number Gr as well as Prandtl number Pr.
Hence from the above discussions we can draw an important
inference on this boundary layer flow that the free convection
flow can be made more stable by considering the negative val-
ues of s since the pressure drop along the plate surface is
enhanced with the increase in the negative value of s.
The variation of skin-friction coefficient f 00ð0Þ with s for
two small values of Pr ð¼ 0:044, for mercury and 0.72, for
air) is displayed in Fig. 6(a). It is observed from this figure that
the values of the skin-friction coefficient increase monotoni-
cally with s for a fluid with low Prandtl number Pr (< 1).
On the other hand, for a fluid with large Prandtl number Pr
( 1) the skin-friction coefficient first decreases with the
increase of s but after a certain value of s (close to zero) the
skin-friction coefficient starts to increase with s. This is shown
in Fig. 6(b). However, this phenomenon is directly related to
the material property of the fluids. It is also observed from
these figures that for a fixed value of s the skin-friction coeffi-
cient f 00ð0Þ decreases with the increase of Pr. Due to the viscous
property in the fluid with large Prandtl number the frictional0
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Figure 5 Variation of pressure p versus g at various distances x
s= 0.4, (b) s= 0.0 and (c) s= 1.0.force is reduced and it results in decrease in the skin-friction
coefficient f 00ð0Þ as Pr increases. Fig. 6(c) shows the variation
of the heat transfer coefficient h0ð0Þ with s for several values
of Pr. It is observed from Fig. 6(c) that for a fixed value of s (or
Pr) the heat transfer coefficient increases with the increase of
Pr (or s). From a physical point of view increase in the value
of the Prandtl number (or wall temperature parameter) results
to make the thermal boundary layer thinner causing increase
in the heat transfer at the plate surface. On the other hand,
Figs. 6(d) and (e) display the variations of surface pressure
gð0Þ and free stream velocity fð1Þ with s for several values
of Pr. The effects of s on gð0Þ and fð1Þ have already been
discussed in Figs. 4 and 5.
10.1. The asymptotic behavior for Pr?1
Prandtl number gives the relative magnitude of the thermal
boundary layer compared to the viscous boundary layer. The
Prandtl number is just a constant of the material and does
not depend on the property of the flow. For gases it is always
of the order of unity and for liquids it may vary within a wide0
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along the plate surface with a fixed value of Pr ¼ 0:72 when (a)
Figure 6 Variation of (a) skin-friction coefficient f 00ð0Þ for two small values of Pr (= 0.044 and 0.72) and (b) for two large values of Pr
(= 25 and 50), (c) surface heat flux ******h0ð0Þ, (d) dynamic pressure at the surface gð0Þ and (e) free stream velocity fð1Þ with s for
several values of Pr.
2458 S. Dholeyrange. For liquid metals Prandtl number is very small ð< 0:05Þ
and for water at 60 F, Pr ¼ 7 (approx). But for highly viscous
fluids it may be very large, e.g., for glycerine Pr ¼ 7250.
For the case of fluids with large Prandtl number, the ther-
mal boundary layer will be much narrower than the momen-
tum boundary layer. Thus the boundary layer for Pr?1
consists of two regions, namely, inner and outer regions. We
now describe a system which gives the solution very close to
the plate surface, i.e., within the inner region where the com-
plete temperature drop takes place. The velocity at the outer
edge of this region is nonzero. The flow in the outer region,
therefore, does not originate directly due to buoyancy forces,
rather due to a dragging action of the velocity on the outer
edge of the inner region. For this purpose, we introduce the
following transformationn ¼ gPr1=5; FðnÞ ¼ fðgÞPr4=5; GðnÞ ¼ gðgÞPr1=5; HðnÞ ¼ hðgÞ:
ð30Þ
Using the transformation (30), the values of m and n as
given in (24) together with c1 ¼ c2 ¼ c3 ¼ 1, the system of
Eqs. (13)–(15) reduce in the limit Pr?1 to the following sim-
ple ordinary differential equations for the region very close to
the plate surface:
5F 000  ð2þ 4sÞGþ ð2 sÞnG0 ¼ 0; ð31Þ
G0 ¼ H; ð32Þ
5H00 þ ð3þ sÞFH0  5sF0H ¼ 0: ð33Þ
Here the dashes now imply the differentiation with respect
to the new similarity variable n. The boundary conditions are
Table 3 Asymptotic behavior of f 00ð0Þ; h0ð0Þ; gð0Þ and
fð1Þ as Pr goes to infinity for several values of s.
s f 00ð0Þ h0ð0Þ gð0Þ fð1Þ
0.45 1:0671Pr2=5 0:1048Pr1=5 1:8808Pr1=5 18:1977Pr4=5
0.30 0:9903Pr2=5 0:2810Pr1=5 1:5787Pr1=5 15:4758Pr4=5
0.10 0:9617Pr2=5 0:4056Pr1=5 1:3690Pr1=5 13:7766Pr4=5
0.00 0:9581Pr2=5 0:4576Pr1=5 1:2983Pr1=5 12:8684Pr4=5
0.10 0:9587Pr2=5 0:4878Pr1=5 1:2404Pr1=5 12:1320Pr4=5
0.30 0:9660Pr2=5 0:5513Pr1=5 1:1493Pr1=5 11:0018Pr4=5
0.50 0:9773Pr2=5 0:6041Pr1=5 1:0798Pr1=5 10:1666Pr4=5
0.70 0:9903Pr2=5 0:6500Pr1=5 1:0239Pr1=5 9:5195Pr4=5
0.90 1:0039Pr2=5 0:6910Pr1=5 0:9775Pr1=5 9:0002Pr4=5
1.00 1:0108Pr2=5 0:7101Pr1=5 0:9571Pr1=5 8:7768Pr4=5
1.10 1:0177Pr2=5 0:7284Pr1=5 0:9381Pr1=5 8:5728Pr4=5
1.30 1:0313Pr2=5 0:7630Pr1=5 0:9039Pr1=5 8:2129Pr4=5
1.50 1:0445Pr2=5 0:7952Pr1=5 0:8739Pr1=5 7:9054Pr4=5
1.80 1:0683Pr2=5 0:8399Pr1=5 0:8350Pr1=5 7:5180Pr4=5
Free convection boundary layer flow with prescribed surface temperature 2459Fð0Þ ¼ 0; F 0ð0Þ ¼ 0 and Hð0Þ ¼ 1
and F 00ð1Þ ¼ 0;Gð1Þ ¼ 0 and Hð1Þ ¼ 0: ð34Þ
It is important to mention here that the condition
F 00ð1Þ ¼ 0 instead of, as before, f 0ð1Þ ¼ 0. Indeed here
F 0ð1Þ– 0 and it has already been explained earlier. The sys-
tem of Eqs. (31)–(33) along with (34) only describes the layer
very close to the plate surface. This inner region entirely deter-
mines the heat transfer characteristics of the flow. On the other
hand, the outer region ensures the decay of the velocity to zero.
The value of the local Nusselt number is now obtained from
the inner region as follows:
NuðxÞ ¼  1
c2
xð6s2Þ=5 Pr1=5 Gr1=5 H0ð0Þ : ð35Þ
Then the average value of the Nusselt number becomes
Nu ¼  5
c2ð6sþ 3ÞPr
1=5 Gr1=5 H0ð0Þ : ð36Þ
We now discuss the asymptotic behavior of hðgÞ as Pr?1
for a given value of the wall temperature parameter s. This is
equivalent to the argument that we seek the asymptoticFigure 7 Variation of (a) temperature function HðnÞ and (b) pressu
parameter s for large values of Pr.behavior of the values of dimensionless shear stress, heat flux
and dynamic pressure at the wall as well as the stream function
at the outer boundary layer for a given value of s as Pr?1.
To determine the correct asymptotic behavior of the above
physical quantities, we must solve Eqs. (31)–(33) together with
the boundary conditions (34) for assigned values of s. Then the
above physical quantities as functions of Prandtl number Pr
can easily be determined from Eq. (30). Table 3 gives the
asymptotic behavior of f00ð0Þ, h0ð0Þ, gð0Þ and fð1Þ for sev-
eral values of s.
Figures 7(a) and (b) display the variations of the new tem-
perature H and pressure G with the new similarity variable n
for several values of the wall temperature parameter s in case
of a large Prandtl number.
Figures 8(a) and (b) show the variations of f 00ð0Þ with Pr
(starting from small to large values of Pr) for three different
values of s ð¼ 0:45; 0:0 and 1:0Þ. On the other hand, Figs. 8
(c)-(e) show the variations of h0ð0Þ, gð0Þ and fð1Þ with Pr
(starting from small to large values of Pr) for the same values
of s as considered in Figs. 8(a) and (b). It may therefore be
noted that the solid curves labelled a; b and c are the asymp-
totes for the curves for s= 0.45, s= 0.0 and s= 1.0,
respectively.11. Conclusion
We have studied the similarity solutions for free convection
boundary layer flow above a hot horizontal flat surface arising
from a prescribed wall temperature. The conditions which
allow the governing boundary layer equations to be reduced
to similarity form are derived. The governing similarity equa-
tions were solved numerically by using the fourth order
Runge-Kutta and shooting method for the values of the wall
temperature parameter s within the definite limits
(0.5 < s< 2), and the complete range of Prandtl number
values including Pr? 0 and Pr?1. We discussed in detail
the effects of Prandtl number Pr and wall temperature param-
eter s on the thermal boundary layer, velocity boundary layer,
heat transfer coefficient (given through h0ð0ÞÞ and skin-
friction coefficient (given through f 00ð0ÞÞ. It is shown that for
a fixed value of Pr the velocity as well as the temperature at
a given location for any negative value of s is greater than thatre function GðnÞ with n for several values of the wall temperature
Figure 8 Variation of (a) and (b) skin-friction coefficient f 00ð0Þ, (c) heat transfer coefficient h0ð0Þ, (d) dynamic pressure at the surface
gð0Þ and (e) free stream velocity fð1Þ with Pr for three different values of s. The solid curves, labelled a, b and c are the asymptotes for
the curves s= 0.45, s= 0.0 and s= 1.0, respectively for Pr?1.
2460 S. Dholeyfor a positive one. It is also found that for a given value of s the
values of the heat transfer coefficient h0ð0Þ continuously
increase with the increasing values of Pr. On the other hand,
the skin friction coefficient f 00ð0Þ decreases and approaches to
zero as sufficient increase in the value of Pr. This result may have
great significance in advanced and modern fluid dynamics
research for application to the industries where higher Prandtl
number fluids are used to reduce the power consumption.Acknowledgments
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